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A Binary Adaptive Decision-Selectiofequalizerfor
ChanneldNith Nonlinearintersymbolinterference

DanielJ. Sebald MemberIEEE, andJamesA. Bucklew

Abstract—An enhanced adaptive decision feedback equalizer
(ADFE) is presented for binary data transmission applications
wher e the communication channel exhibits nonlinear inter symbol
interference (1Sl). The nonlinearity in the channel manifestsitself
as a distorted constellation space constructed from the equalizer
input state variables. Since a conventional ADFE can construct
a hyperplane decision boundary of only one orientation with
symmetrically spaced distance from the origin asa function of the
detected feedback symbols and feedback filter coefficient values,
thereisroom for improvement since the distorted constellation of
the nonlinear system isbetter served by hyperplane boundaries of
varying orientation.

The method proposed hereisnot to feed back the decision vari-
ablesbut, instead, to usethesebinary variablesto choose and adapt
different sets of coefficients, i.e, different hyperplane boundaries.
Hence, the name given to thisnew method isthe adaptive decision-
selection equalizer (ADSE). Although the hyperplane may not be
the optimum boundary for the conditional constellations, in many
cases, it isan adequate approximation. Nonetheless, for nonlinear
channels, the ADSE is generally an improvement over the conven-
tional ADFE in high signal-to-noiseratio (SNR) regimes, wherethe
bit error rate (BER) iswithin the desired operating range.

The major advantage of the new method is improved perfor-
mance on the studied channel while retaining simplicity when im-
plemented as a variation of the least-mean-squared (LM S) algo-
rithm. Some drawbacks are decreased convergence rate and limi-
tations of the minimum mean-squared-error (MM SE) strategy of
optimization, asimplemented by the LM Salgorithm, for a system
where error probability, not MM SE, isimportant.

Index Terms—Adaptive equalizers, communication channels,
communication system nonlinearities, decision feedback equal-
izers, nonlinear detection, nonlinear systems.

. INTRODUCTION

DAPTIVE equalizerswerefirst proposedby Lucky [1],

whousedasign-basedpdatealgorithmto minimizeadis-
tortion measuref atapped-delayine filter. Application of the
LMS algorithmto the adaptve trans\ersalequalizeris studied
in NiessenandDrouilhet[2]. (SeealsoProakisandMiller [3]
for greaterdetail.) Austin [4] introducesa nonlinearslicerand
linear feedbackloop to the nonadaptie trans\ersalequalizer
and createsthe decisionfeedbackequalizer(DFE) to greatly
improve performancever thetrans\ersalequalizerThe LMS-
basedadaptve versionof the DFE (the ADFE), is proposednd
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studiedin Geoge et al. [5]. (Seealso Proakis[6] for further
studies.)

Fig. Lillustratesthe ADFE in abinarypulseamplitudemod-
ulation (PAM) scenarioat basebandAn independentidenti-
cally distributed(i.i.d.) informationsignalu(n) € {+1, —1} is
passedhroughanonlineardeterministichanneencompassing
transmissiorpathway effects,the recever filter, anddecorrela-
tion signalprocessingln ourmodel,azeromeanadditive white
Gaussiamoise (AWGN) n(n) € R is addedto the channel
outputz(n) € R to form the equalizerinput z(n). The de-
tector consistsof two linear, discrete-timesubnetverks. The
input is passedhroughan adaptve, delay network with coef-
ficientswi(n) € R, &k = 0, ..., N, — 1, whereashe past
decisionsi(n — D) € {+1, —1} arefed backthroughan-
otheradaptve, delaynetwork with coeficientsby(n) € R, k =
1, ..., N,. A training sequencépositionA in Fig. 1) ¢)(n) =
u(n — D) is usedto adaptthe ADFE startingfrom someinitial
setof coeficients. After training, the ADFE is switchedover
to decision-directeanode(positionB in Fig. 1). A processing
delay D mustbeintroducedio compensatéor the delayof the
channelandlengthof the equalizerfeedforvardfilter. If V. is
thememorylengthof thechannelthenageneratuleisto select
Ny, which is the numberof feedbackvariables to be approxi-
mately N, — 1. Thereasorfor thisis thatthefeedbacKilter can-
celslSl, andthereare N. — 1 pastsymbolscontributing to the
ISI. [Notethat“past”isreferencedo delayD, e.g.,u({— D —1)
is themostrecentpastdecisionwith regardto input «(n) when

n = 4]
Define vectors
x(n) =[z(n) -+ 2(n - Ny + DI
w(n) =lwo(n) - wn,—1(n)]"
un) =[an —D —1) -+ wln—D—Ny)|"
b(n) =[bi(n) - by, ()"

TheLMS algorithm[7] for adjustingfilter tapcoeficientstakes
theform

w(n + 1) = w(n) + re(n) x(n)
b(n+1) =b(n) + pe(n)i(n)

where
e(n) = sign(y(n)) — y(n)
and

y(n) = w" (n)x(n) + b” (n) i(n)

1053-587X/02$17.0® 2002IEEE
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Fig. 1. Block diagramof an ADFE. Whenthe switchis in positionA, the ADFE is in trainingmode.PositionB correspondso decision-directednode.

exceptduringtraining,in which case

e(n) = ¥(n) — y(n).

The goal is to drive the enegy of the error signal e(n) to a
minimum,i.e.,adaptw(n) andb(n) sothatthe preslicerfilter
outputis as closeas possiblein the MMSE senseto a valid
symbol.Updateconstani: is choserargeenoughfor sufficient
trackingyet smallenoughto ensurestability andsmallresidual
misadjustmentor increasedccuray [7].

The ADFE hasremaineda useful equalizingtechniquebe-
causeof its adaptve naturefor unknovn channelsaswell asits

methodshavsevenfurtherimprovementbver thedecisionfeed-
back approach.The SVM, in its currentstateof researchjs

a block adaptve algorithmasopposedo a symbol-by-symbol
adaptve algorithm.

In this paper we investicate the sameapproachof selecting
adetectomodelbasedon previous decisionsbut with conven-
tional linearelementof the ADFE asopposedo thenonlinear
mappingoftheSVM. It is truethatgiven theappropriatéernel
for the SVM, thelinear modelis simply a subsebf thatwhich
theSVM canprovide,andhencetheinvestigationto follow may
be encompasselly that of [12]. However, the meritsof linear
elementsvarrantmore specifc considerationThe training al-

simplicity of implementationHowever, therehasbeeninterest gorithmfor theADSEis basecntheLMS algorithm,andthere-
in equalizingdatacommunicatiorthannelgxhibitingnonlinear ¢qre the proposednethodis adaptve on a symbol-by-symbol
behaior [8]-{12], anapplicatiorfor whichanADFE oftendoes  pagis |t is useful for slowly varying channelsjust asis the
notwork well sinceit containonly linearfiltering components, Apre. The ADSE retainsthe simplicity of the ADFE andhas

asshawn in Fig. 1.

Oneof theoriginal approacheto equalizinga nonlinearlSi
channels [13], wherea Volterraseriesreplaceghelinearfeed-
backandfeedforward portionsof the ADFE. Researclonafast
transform-domairversionof Volterrafiltering is discussedn
[14]. A morerecentdetectionstratey is the adaptve Bayesian

the potentialto significantly improve performancedepending
onthe natureof thechannehonlinearity Theonly addedover-
headis memory We are interestedn thesesimple structures,
althoughthey may be suboptimum becausen mary applica-
tions, speedandsimplicity areof overridingimportance.

In Sectionll, we presenthe basebandnodelfor nonlinear

neuralnetwork of [10]. There, it is shavn how conditioning - channelpften seenin voicebanddigital communicatiorinks.
on the decisionstatecan be viewed asa reductionin the pat- - gectionill discussetheconcepbf theADSE. First,anexample
ternspaceconstellatiorformedby theequalizeinputvariables, - jnytspaces usedto illustrateconditionalconstellationsErom
whichis a phenomenothatis centralto our methodproposed  that the motivationfor the ADSE becomesvident. SectionlV

in this paper In [15], anadaptve Kalmanfilter is proposedor
improved equalizatiorperformancen linearlSI channelsand
it is suggestedhereinthatthe methodmaybe extendedto non-
linear equalization.

In [12], theauthorsstudya methodof nonlinearequalization
basednthesupportvectormaching(SVM) [16], [17]. Thede-
cisionfeedbaclkstratgy is usedin [12] by simply feedingpast
decisionsinto the SVM input. Although this improves perfor-
mancenoticeably we argue that the binary natureof the de-
cision is not suited for the SVM input, which typically is a
real-valuedvariable,and proposea modification of the feed-
backideawherebythe pastdecisionsare usedto selectfrom a
setof SVMs. ThevariousSVMs aretrainedon subset®f data,
conditionedonthepastdecisionsii(n). This decision-selection

givesresultsof somesimulationson nonlineanSI channelsWe
concludein SectionV with commentsaboutADSE character-
isticsandlimitations of the LMS-basedapproach.

Il.
Thelinearchannelmodelis describedoy?

CHANNEL MODEL

N.—1

Z(n) = Z hru(n — k)

1Technically the coeficients shouldbe h«(n) for time-varying channels.
However, we leave outthetime-varyingindex to avoid confusingnotation.The
sameholdstruefor ¢, (n).
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whereh,, is the causalffinite impulserespons€FIR modelof
the channelnormalizedto have unit enenpy;, i.e. Zk hk =
1. Let 03 be the varianceof the zeromeanAWGN. Then for
thelinearchannelthe SNRis

SNRinear = 1/0—727

becaus®f the unit enegy propertyof the channelandchannel
input symbols.

Typically, the nonlinearchannelsof interesthave a mem-
orylessnonlinearityin combinationwith a linearly dispersie
element[8]. Therefore,we will examinetwo basicnonlinear
modelsandassumehatthe adaptve equalizeris to be usedon
channel$aving mild or, at least |lessthanseverenonlinearities.
Thetwo typesof nonlinearityarethe simpleWienermodeland
the simple Hammersteirmodel[18]. Let #(n) be aninterme-
diatevariable.The Wienermodelis alinearFIR filter followed
by a polynomialnonlinearity i.e.,

Mw

cpiP(n

p=1

where{h, } areFIR filter coeficients,and{¢, } arepolynomial
coeficients.Becausdhe AWGN is addedafterthe dispersion
and nonlinearity it is straightforvard to adjustthe SNR defi-

nition. Let v; for j = 1, ..., 2™ beall permutationf the
channelinput space{+1, —1}"~, andarrangethe FIR coefi-

cientsin vectorform ash = [hoh; --- hx._1]T. Then,the
averageSNRis

aNe
STRVViener = CO'2 Z <Zcp h Vj )

The Hammersteimodelinterchangeshe dispersiorandpoly-
nomial operations
N.—1

#(n) = Zcpup(n), = Z hiZ(n — k)

Again, adjustmenbf the definition for averageSNRis

2 r 2
SN RHanunerstein = 20_2 <Z Cp) <Z Cp(—l)p>

p=1

2

which is independenbf the channeldispersiorbecausef the
unity power assumptiorof theimpulseresponse.

I1l. ADAPTIVE DECISION-SELECTION EQUALIZATION

A. Pattern Spacesandthe ADFE Limitation for Nonlinear
Channels

The detectionproblemmay be viewed as a patternrecog-
nition problemwherethe statesof the equalizerfeedforward
filter areinputvariables A goodpresentatiomf this viewpoint
is includedin Chenet al. [10]. Sincexz(n) is a function of
u(n), ..., u(n — N, + 1), the input spacex(n) is a func-
tion of u(n), ..., u(n — N, — N, + 1). Thus,the noise-free
systemhas 2V« +-—1 (not necessarilyunique) constellation

IEEE TRANSACTIONS ON SIGNAL PROCESSINGVOL. 50,NO. 9, SEPTEMBER2002

Fig. 2. Conditionalconstellationdor a two-input (V,, = 2), two decision
state(/V, = 2), onedelay(D = 1) equalizerwherethe channelis linear S|
with &(n) = 0.4084 u(n) + 0.8164 u(n — 1) + 0.4084 u(n — 2) conditioned
on the correctpastdecisionvariables.

pointsx(n) € RN, k=1, ..., 2Nw+Ne—1 groupednto two
sets

C:I:l,D = {)Ek(n)|u(n — D) =

onesetfor eachdesiredclassifcation. We canfurther partition
theconstellatiorsetshasednthe2™z possiblepaststatesSim-
ilar to thedefinition of theequalizedecisionstatea(n ), define
the correctpastsymbolsas

un)=[uln—D—1) - uln —D — N)|¥

andletu;, j = 1, ..., 2™ beanenumeratiorof all the ele-
mentsof {+1, —1}"». Then theconditionalconstellationsake
the form

O:I:l,D,j = {f{k(n)|u(n — D) = :|:1, ll(?’L) = llj}.

As an example, Fig. 2 illustratesthe constellationfor a
channelwith linearISI &(n) = 0.4084 u(n) + 0.8164 u(n —
1) + 0.4084 u(n — 2) andequalizerN,, = 2, N, = 2 and
D = 1. Concentratingon just one of the subigures and
ignoring the lines for the moment,points belongingto C;
aremarkedo or e, andpointsbelongingto C_; ; aremarked x
or x. SincethechannehasmemoryN, = 3 andfeedforward
filter length N,, = 2 in this example,the cardinality of each
setis 2V« +tNe—1 /2 — 8 sincememberswithin setsareunique.
However, note that this channelhas severe ISI becausea
memberof onesetis very neara memberof the otherset. For
thisreasonsymbol-base@qualizersvithout decisionfeedback
perform poorly on this channel.The four separatesubigures
of Fig. 2 shav the conditional constellationswhere points
belongingto C ; ; aremarkede andwherepointsbelonging
to C_y 1 ;j aremarked x.

+1}
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x(n)

Fig. 3. Conditional constellationsfor a two-input, two-decision,one-delay
equalizerwherethe channelis nonlinearISI with Z(n) = 0.4084u(n) +
0.8164 u(n—1)+0.4084u(n—2) andi(n) = #(n)+0.22%(n)+0.12%(n).

If we considerthe spaceof inputvariablesx € R+ andfix
a(n) = uy, j € {1, 2, ..., 2"}, settingthe presliceroutput
y(n) to zerodefinesa hyperplanen theinputspacej.e.,

H; = {x: w'(n) x + b’ (n) u; =0}

which senesasthedecisionboundaryfor the detectorWe will
callthesetof suchhyperplanesheconditionalhyperplanesAs-
sumingthe correctdecisionsarein the decisionstatevector—a
reasonablassumptionvhenoperatingn thelow probability of
errorregime—andrestrictingthe classof detectorgo belinear
hyperplanesgecisiorregionsaresuperimposedver thepattern
space®f Fig. 2 usinga Voronoipartition[19] of thetwo closest
pointsamongCy 1,1, ; andC_;  ; asaroughapproximatiorto
the equalizemproviding the smallestprobability of erroramong
all suboptimumiineardetectors.

An interestingoropertyof theconstellatiorsetsCy 1 p in the
linear|S| case(seeFig. 2) is thatthey aresymmetricaboutthe
origin sincethey areformedfrom alinearcombinationof input
symbolsbelongingto {+1, —1}. A similar propertyexists for
the hyperplaneghatcanbe constructedy an ADFE. As illus-
tratedin Fig. 2, the feedbackportion of an ADFE ostensibly
selectsa differentISI removal constantbasedon the decision
state effectively changingheconditionalhyperplaneboundary
distancefrom the origin. Sincethe input to the feedbackfilter
belongsto {+1, —1}, thehyperplanesnustbe distancedsym-
metrically aboutthe origin.

If we now examine the constellationin the caseof non-
linear ISI, we find that symmetryaboutthe origin no longer
exists. Fig. 3 shavs how the pattern spaceis distorted in
the caseof a cubic Wiener nonlinear channel model with
#(n) = 0.4084u(n) + 0.8164u(n — 1) + 0.4084 u(n — 2)

2289

x(n)

Fig. 4. Conditional constellationsfor a two-input, two-decision,one-delay
equalizewherethechannels nonlineandSl with #(n) = u(n)+0.2u*(n) 4+
0.1u*(n) andi(n) = 0.4084 Z(n) 4+ 0.8164%(n — 1) + 0.4084 Z(n — 2).

andz(n) = #(n) + 0.222%(n) + 0.123(n). Again, the Voronoi

partition of the two closestpoints among the constellation
setssenesasan approximationto the bestlinear suboptimum
detectorClearly, thebestconditionalhyperplanesrenolonger
parallel,norarethey positionedsymmetricallyaboutthe origin.

Sincethe ADFE canonly constructparallel hyperplaneswith

symmetric distancesabout the origin, it is no surprisethat
ADFE performancen thenonlinearscenariadegrades.

As a secondexample, considerthe cubic Hammerstein
channelmodelwherethe filter and nonlinearoperationof the
Wienerchannelare interchangedthe patternspacefor which
is shavn in Fig. 4. The optimum conditionalhyperplanesare
now parallel,which is goodfor the ADFE solution.However,
thewhole constellations shiftedtowardthefirst quadrantand
onceagain, the ADFE will performpoorly on sucha channel.
Theexperienceof Biglieri etal. [8] is thatwhenthelineardis-
persionfollows the nonlinearity(i.e., Hammerstein)distortion
is not as severe as when the nonlinearity follows the linear
dispersior{i.e., Wiener).Theillustrationsof Figs.3 and4 attest
to this, but certainly this is no agumentfor generalization.

B. Bendimark

As a benchmarkdetector we use a Bayesianclassifer for
equalizersvith inputparameterdefinedsimilarto the ADFE of
Sectionl. A probability densityfunctionis constructedor the
inputspaceunderthetwo classesanda hypothesigestdecides
the outputsymbol,i.e.,

Hy

>

)\x(n)(X|U,(TL - D) = +17 ll(?’L) = uj) <

o

Ax(n)(X[u(n— D) = =1, u(n) = u;) 1)
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wherehypothesisH, declaresi(n — D) to be —1, hypothesis
H, declaresi(n — D) tobe+1, and

)\x(n)(X|U,(TL - D) ==+1, u(n) = uj)
9= (Nu+Ne—Ny—2) A

r(n) (X)
{k:%p(n)eC+1.D,;}

where A\, (,)(x) is the probability density associatedwith
random vector xx(n) = Xx(n) + n(n), and n(n) is an
N,,-length randomvector with independentomponentdis-
tributedsimilarto n(n). In our channeimodelwith zeromean,

AWGN
“lx — % 2
o (R RO

@n)¥ 2ol 203

Axey () (X) =

C. ADSEConcept

Thereareseveralreasongor stayingwith the classof hyper-
planedor decisionboundariesalthoughit was clearlyshavnin
[10] thatmethodsuchasneuralnetworkswith Gaussiatkernels
canbe usedto achieve performancenearthat of the Bayesian
classifer. First and foremost,the hyperplaneis the easiestto
work with in termsof processingandadapting It classifesef-
ficiently, andthe LMS algorithmmay be usedfor time varying
channels(However, thereis a caveatwith the LMS algorithm,
asdiscussedater) Second|f the addednoisedoesnot match
the modelusedin the neuralnetwork method(or ary method
assumingadistribution for the noise),performancemay suffer.
Third, in the caseof a memorylesaonlinearity the decision
conditioningmethodmayreducehepatternspacego something
wherea hyperplaneis a good approximationto the optimum
boundary This phenomenomvas obsenedandutilizedin [10].

Given whatwe have seengalogical progression—ifve want
to restrict the detectorto the classof linear hyperplanes—is
to use the decision stateto pick a different hyperplaneas
opposedto filtering and feeding back the decision state.
Thatis, thereare 2™+ possiblestates,and for eachstate,we
assigna differentsetof feedforward filter coeficients w;(n)
and S| remaoval constantb;(n) for j = 1, ..., 2% In this
way, the conditional hyperplanescan achieze nonsymmetric
distancesaboutthe origin aswell asdifferentorientationsLet
i {+1, =1} — {1, ..., 2™} be a 1-to-1 function for
choosingwhich classifer to usebasedon the decisionstate?
Then,the generalLMS-basedADSE algorithmis describedn
Tablel andillustratedin Fig. 5.

As a contrastto the selectionidea, considerreplacingthe
linearfilter of the ADFE feedbacKkoopin Fig. 1 with aVolterra
serieswhichis the methodstudiedin [8] and[13]. As notedin
[8], suchanapproachmustdealwith averylargenumberof pa-
rametersin [13], thenumberof parameterss reducedy man-
ually selectingthoseof significancefor the typical voiceband
telephonechannelwhich is a somevhat undesirablgoractice.
The parametersf themodeladaptusinga MMSE gradientde-
scentalgorithm.Conveniently thecostis alinearfunctionof the
adaptegparametersyetthe updatealgorithmis rathercomple.
The importantpoint is that a Volterrafilter (or any nonlinear

2The mappingcanbe arything sinceadaptie equalizercoeficientsareini-
tializedto the samevaluesfor the variousconditionalhyperplanes.

IEEE TRANSACTIONS ON SIGNAL PROCESSINGVOL. 50,NO. 9, SEPTEMBER2002

TABLE |
LMS-BASED ADSE ALGORITHM WHERE HYPERPLANE ORIENTATION
AND DISTANCE FROM ORIGIN ARE ALLOWED TO VARY AS A
FUNCTION OF THE DECISION STATE

0) Initialize variables: n = 0, b;(0) = 0 and

1, k=D
(0) = ’
w3 (0) {0, otherwise

forj=1,2,...,2%,
1) Filter data:
y(n) = wf(ﬁ(n))(n) x(n) + byany (n)
2) Compute decision error:

e(n) = sign(y(n)) — y(n)

3) Update coefficients:
Waca(n)(m + 1) = Wogam)) () + pe(n) x(n)
bytany) (1 + 1) = byagm) (n) + pe(n)
and

wi(n+1) =w;(n)
bj(n +1) = b;(n)

forj =1,2,...,2M j # ~(i(n)).

4) Repeat: increment n, goto step 1.

modelfor thatmatter)in the feedbacloop is somevhatextra-
neoussincethereareonly 2™ valuesinputto thefilter. Rather
thanusea sophisticateshonlinearmodelto map2™*+ pointsfor
removing ISI, the currentproposedapproachis mucheasierto
implementFurthermorethe ADSE hasfull degreesof freedom
with regardto ISI removal.

It is true thatwhen N, is chosentoo large, the ADSE will
exhibit problemsof excessve parameterizatiorsimilar to the
Volterrafilter. Excessie parameterizatiois a genericproblem
in theimplementatiorof any nonlinearschemeExcesgparam-
etersessentiallyactasnuisancgarameterandadwerselyeffect
systemperformanceFurthermorejarge N, meansthat large
amountsof training dataare necessaryHowever, we have the
optionof not makingall thedecisionstatesdbe partof the selec-
tion processlt is typically the casethat the mostrecentpast
decisionsare the mostinfluential on ISI. Therefore,it is our
opinion that the mostrecentdecisionscan be usedfor selec-
tion, whereaghe olderdecisionsareusedin the ADFE fashion
if computationatompleity is anissue.

D. DiscussiorAboutLMS Algorithm

Although the idea of selectingdifferenthyperplanesseems
logical, thereis a minor problemwith this approach—on@ot
somuchrootedin the conditioningprocessut morehaving to
do with the behaior of MMSE-basedalgorithms. The MMSE
solution,which the LMS algorithm stochasticallyapproaches,
doesnot necessarilyachieve the minimumerror probability To
illustratethis, aconditionalpatternspacdj = 2) for thesystem
usedto generaterig. 3 isisolatedin Fig. 6. The Bayesianso-
lution restrictedto hyperplanegthe solid line H5*¥**) andthe
empiricalMMSE solutionrestrictedo hyperplanegthedashed
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| nonlinear ISI -
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channel model +

wo4 (1) : >

PAM to integer
converter
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y(a(n))

Fig.5. Block diagramof the ADSE. Ratherthanfeedingbackpastdecisionsasin Fig. 1, the PAM to integercorverterselectseparatindiyperplanecongantb.,

andorientationw , .

line H3™5E) arealsoshavn. The Bayessolutionrestrictedto

hyperplaness approximatecby the Voronoi partition for the
two nearespointsbetweerC’; 1,2 andC_1, 1, 2. Theempirical
MMSE solutionwas constructeddy simulatingthe ADSE for

theWienernonlinearchannellt is shovn in [20] thattheasymp-
totic linear MMSE boundaryfor an exampleof this natureis a
line perpendiculato they-axis,bisectingthetwo nearespoints
of theprojectionsof C41 1 2 andC_;_; » ontothey-axis.This

is, in fact,theresultfor a noise-freeADSE simulation.Whatis

shavnin Fig. 6 istheMMSE boundarythatoccursfor asimula-
tion with SNRof 17 dB, andwe seethatthe boundarydeviates
somavhatfrom the asymptoticsolution.

Becauseof the ISI, the orientationof the MMSE solution
will notnecessarilypenearthedesiredBayesiarsolution.Con-
ditioning on pastsymbol decisionsreducesthe constellation,
whichis certainlydesirableput it alsocreates twistedpattern
spacein this example.If oneimaginesGaussiardistributions
centeredaboutthe pointsof the constellationjt shouldbeclear
how performancedegradesusingan MMSE-basedalgorithm.
Performancenay not degradetoo significantly in this two-di-
mensionakcenarioput whenextendingto higherdimensions,
theresultis precarious.

IV. MONTE CARLO SIMULATIONS

Chenetal. [10] shawv thatunderthe assumptiorthatthe de-
cision stateis correct—whichis a mild assumptiorwhenoper-
atingin thelow BER regime—choosinghe numberof feedfor-
ward input variablesone greaterthan the decisiondelay i.e.,
N, = D + 1, yields an equalizerperformanceas good as
whenthe numberof input variablesis more than one greater
thanthedecisiondelay i.e., N, > D + 1. We arguethe same
is approximatelytrue in the caseof the ADSE. The last ele-
mentof the input vector i.e., z(n — N,, + 1), is a function
of u(n — Ny + 1), ..., u(n — Ny, — N, + 2). Hence,ary
z(n — N, + 1) with NV, > D + lisindependentf u(n — D)
sincethetransmittecbinarysignalis assumedli.d. Theseaddi-
tional input variablesactasnuisanceparameters includedas

x(n-1)

-2 0] 2

Fig. 6. Conditionalconstellation(j = 2) subjectto 17 dB AWGN for the
systemusedto generatd-ig. 3. By imaginingR? Gaussiardistributionsabout
the constellatiorpoints,one canseethatthe MMSE hyperplaneH ™% will
Ie%d to a highererror probability decisionthan doesthe Bayesianhyperplane
HBes

part of the feedforvard filter input3 A generalprincipleis to
chooseD long enoughto includemostof thesignificantenegy
of thechanneimpulseresponseWhenN,, = D+ 1,x(n) isa
functionof u(n), ..., u(n—D— N.+1). Thereforetheuseful
pastdecisionstatesareu(n — D —1), ..., u{(n —D— N.+1),
andN, = N, — 1 is adequateNaturally, with the channelun-
known, the designemustmale reasonabl@pproximationsor
Ny, D, and N,

We now give someMonte Carlo simulationresultsthat elu-
cidatethe propertiesof the ADSE. Thefirst setof simulations
(seeFig. 7) are ADFE and ADSE probability of error corver-
gencaluringtrainingfor theWienernonlinearsystenpresented

3Thisis notpreciselyaccurateAfter all, atermthatis dependenon previous
statesu(n — D — 1), ..., u(n — D — N, selectghelSI removal constant,
andxz(n — N, — 1) for N, > D + 1 is certainly correlatedwith u(n —
D —1),..., u(n — D — N,), but whereto draw the line andtruncatethis
tail of weakly correlatedparameterss a difficult question—thesamequestion
the Viterbi algorithmmustaddressOur empiricalobsenrationis thatif thereis
somebeneft to choosingV,, slightly greatethanD + 1, it is not statistically
significantin the channelwve have studied.
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Fig. 7. Corvergenceresultsfor the (a) ADFE and(b) ADSE on the Wiener
nonlinearchannebf Sectionll, with N, = 2, N,, = 6, D = 5andu = 0.005
at SNR= 17 dB. Thecurvesare100ensembleveragedrials.

in Sectionlll with 17 dB SNR. SinceN. = 3, the numberof
feedbackor decisionstatesis chosenas N, = 2. In addition,
N, = 6, D = 5, andpu = 0.005. The probability of error
is computedas describedn the Appendix, given the random
orientationof the conditionalhyperplanesvhile they corverge.
Note that the error probability in training modeis essentially
the probability of error underthe conditionthat the feedback
or selectionstateis correct.lt doesnotaccountor propagtion
of errors,andtherefore the probability of errorlimits in Fig. 7
arebiasedowardbetterperformancehanthe estimatesve will
find in laterresultg|i.e., the 17 dB resultof Fig. 8(b)].

Thecorvergenceof theprobabilityof erroris not of thesame
natureas the corvergenceof the MSE. The ADSE result of
Fig. 7(b) doesexhibit an exponentialdecay but it is on a log-
arithmic scale.The ADFE resultof Fig. 7(a) shavs a similar
behaior, but the exponentialnatureis not evidentbecause¢he
ADFE corvergesquickly to asteadystatewith moremisadjust-
menterror. The ADSE takes approximately3000iterationsto
converge,whereashe ADFE takesapproximatelyOQiterations
to corverge. Since N, = 2, meaningthatthe ADSE hasfour
hyperplanesthis differencein corvergencerateis asexpected,
allowing for thefactthatADFE corvergences reachedooner
Oneapproacho increasingADSE corvergencenouldbeto op-
eratein an ADFE modefor a shortperiodof time andthenuse
theresultinghyperplaneasfirst estimategor thevariousADSE
conditionalhyperplanes.
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Fig. 8. Simulationresultsfor ADSE with N, = 2, N,, = 6, D = 5, and
1 = 0.005 onthechannelf Sectionlll.

Given the above resultsfor corvergence,simulationsfor
steady-statperformancesa functionof SNRwereconducted
by trainingthe equalizersvith 3000samplesf data.This may
seenlik e an excessvetraininginterval, but it ismeanto ensure
thatthe ADSE is nearsteadystatebeforecollecting statistics.
Fig.8shavstheperformanceftheADFE (A), ADSE(()), and
nonadaptie Bayesiannetwork (CJ) on the (a) linear channel,
(b) Wienernonlinearchannel,and (c) Hammersteimonlinear
channebescribedn Sectionlll. Thefirstthingwenoticeinthese
resultsis thatthereareregionsof divergenceof boththe ADFE
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and ADSE, where the performancedegrades considerably
Therearesereralimportantdetailsregardingthis divergence.

The mostimportantfactoris that stability of an ADSE (or
ADFE)in decision-directechodeis verydifferentfrom stability
whenit is in trainingmode.Whenin trainingmode,the ADSE
is essentiallyanadaptve FIR filter, the stability of whichis an-
alyzedin [7]. Conditionedon the feedbackstate,choosingthe
conditionalupdateconstantas

0<pu <

tracéR ;) @

where
R; = E {[x"(n) 1J7 [x"(n) 1] (a(n)) = j}

will ensurecorvergencein trainingmode.This is only loosely
true sincemary of the conditionson the filter input datathat
are necessaryor the stability analysis,e.g., uncorrelatedand
Gaussianare not preciselymet. In ary case,for the Wiener
nonlinearityof Sectionlll with 10 dB SNR, theright sidein-
equalitylimits of (2) rangefrom 0.14to 0.22.Thus,given the
relatively smallrange we have optedto fix x; to be simply .
The resultsof Fig. 8(b) for 10 dB SNR indicatethat even for
i approximately28 times smallerthantheseupperlimits, the
ADSE divergeswhenin decision-directeanode.

In decision-directeanode,anerrorwill leadto arun of er-
rors.In suchasituation,coeficientsclearlyarenot adaptingo
the desiredsolutionuntil by randomii(n) = u(n). Howewer,
during suchan error run interval, the systemcould adaptto a
nonrec@erablemodel.Choosing.: smallemwill shifttheregions
of divergencein Fig. 8 toward lower SNR. Therefore thereis
atradeof betweertrackingability anddecision-directeanode
stability. We have chosena y. with the goal of fastestcorver-
genceyet stability in theusableSNRrange Naturally, we have
the option of two differentchoicesfor ;. dependenbn whether
the systemis trainingor tracking.

The divergenceproblemis compoundedby the situationde-
scribedin Sectionlll regardingthe MMSE stratgy. Uponcon-
vergence the ADSE doesnot attainthe optimal hyperplanen
the probability sense Thus, the likelihood of errorsis greater
thanit couldbe,whichmeanghatthelik elihoodthatthesystem
divergesover somegiven interval is alsogreatethanit couldbe
with anappropriatelychoseryperplane.

As for overall performancefor our example, the ADSE
matchesheADFE onthelinearlSI channeFig.8(a). TheADSE
shows significantperformanceémprovementover the ADFE for
the Wienerand HammersteirchannelnonlinearitiesFig. 8(b)
and(c), respectrely. Whencomparingresultsamongthe chan-
nels,performancehouldbe consideredelative to the Bayesian
performancel-or theHammersteithannekqualizeyits ADSE
performanceeompareswith its Bayesianperformanceoughly
the sameasthe linear ADSE performancecompareswith the
linearBayesiarperformanceT hissuggestshatwith theADSE,
little performanceés lostdueto theHammersteimonlinearityof
thisexample . Thiscomesasnosurprisdn light of thediscussion
in Sectionlll-A. For the Wienerchannelequalizey its ADSE
performancecomparedwith its Bayesianperformances not
quiteasgoodasthelinearADSEperformanceomparedvith the
linearBayesiarperformancesuggestinghatsomeperformance
degradatioroccursfor the ADSE dueto theWienernonlinearity
of thisexample.
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V. CONCLUSIONS

A methodof equalizingnonlinearlSl thatis a simpleexten-
sion of the ADFE is proposedTheinnovationis to selectand
adaptdifferentlinear decisionboundarymodelsbasedon past
decisionsasopposedo feedingbackthepastdecisionghrough
a sophisticatedhonlinearfunction. This ADSE solutionshowvs
markedimprovementover the ADFE onthenonlinearchannels
we have studied.lts key advantagds simplicity.

Thereis roomfor improvementover currentimplementation
of theADSE becausef thenatureof theMMSE costminimiza-
tiondriving its LMS-basedalgorithms As such we suggesthat
furtherresearctocuson anadaptve algorithmthatattemptso
minimize probability of error.

In light of theproblemswith the MMSE stratayy, theconcept
of decision-selectiorstill remainsa valid one. The Bayesian
DFE of [10] is actually the generalizationof what we have
proposecbecauset selectdifferentBayesiandetectorsdased
on the stateof pastdecisions.We suggestthat their method
be calledthe BayesianADSE for this reason However, adap-
tively determiningthe constellatiomnecessaryor the Bayesian
ADSE likely becomesgmore difficult with nonlinearchannels,
large numbersof feedforward inputs,andnon-Gaussiamoise.
Theseissueswverenotincludedin theresearctof [10], but fur-
ther studymay be warranted A very recentpaper[21] studies
anovel piece-wisdinear, Booleanmapping-basedhethodfor
asymptoticallyrealizing the BayesianADSE for a linear ISI
channel.

APPENDIX
GAUSSIAN TAIL IN RY

Let x andK be the meanvectorandcovariancematrix of a
multivariateGaussiamlistributionin RY . A Gaussianail in R™
is thatportion of the densityfunction

1 1
(2m)7/2[det(K)]L/2 exp | —5 (x—p)

fx(x)= TR (x—p)

on the side of a hyperplaneoppositethe densitycentery, i.e.,
thespaceassociatedvith probabilitylessthan0.5.1t is agener-
alizationof atail for the univariatenormaldistribution. Define
thehyperplaneas{x: w’x + b = 0}.

To computetheprobabilityassociateavith the Gaussianail,
atranslationmay be donein afashionsimilar to the univariate
caseFirst,themeanis removed by the substitutionz = x — p.
Next, sinceK is positive definite, thereis amatrix C for which
K = CCT andCTK~!C = I, where—1 is matrix inverse,
andI is anidentity matrix [22]. Thelineartransformatiore —
Cy makesy azeromeanmultivariatenormaldistribution with
covariancematrix I. The original hyperplaneransformgo the
resultingspaceas{y: w Cy + wlp + b = 0}.

Becausef the natureof the zeromean multivariatenormal
distribution with covariancematrix I, the only parametenec-
essaryfor computingthe probability of erroris the minimum
distancefrom the origin to the hyperplane,say d. This dis-
tanceis themagnitudeof theconstantissociateavith anormal-
izedhyperplaneepresentation,e.,d = [w’p+b|/vVwl Kw.
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Without lossof generality assumeC is a translationthat puts
the hyperplaneparallelto V — 1 axes.Then

oo oo oo 1 1 N
Poa= - _Z 2
tl Lm /;[;<%Wﬂ”p 22"

~dy1 dyo - - -dyn

w’l b
Y (L

wlKw

where

Q(s) = \/% /OO et /24t

ACKNOWLEDGMENT

The authorswould like to thank the reviewers for their
thoughtfulcommentsandfor pointingoutaflaw in the original
manuscriptegardingthe corvergenceof the ADSE. This paper
is muchimproved as aresultof their reviews.

(1]

(2]

(3]

(4

(5]

(6]

(7]

(8]

El

(10]

REFERENCES

R. W. Lucky, “Techniquedor adaptve equalizatiorof digital commu-
nicationsystems,’Bell Syst.Tech. J., vol. 45, no. 2, pp. 255-286 Feh

1966.

C. W. Niessenand P. R. Drouilhet, Jr., “Adaptive equalizerfor pulse
transmission,’in IEEE Int. Conf CommunDig. Techn. Papers, Min-

neapolisMN, Junel2-14,1967,p. 117.

J.G. ProakisandJ.H. Miller, “An adaptierecever for digital signaling
throughchannelswith intersymbolinterference,"EEE Trans. Inform.
Theory vol. IT-15, pp. 484—497 July 1969.

M. E. Austin, “Decision feedbackequalizationfor digital communi-
cationover dispersie channels,"M.|.T./R.L.E., Tech.Rep.461, Aug.

1967.

D. A. Geoge, R. R. Bowen, andJ. R. Storgy, “An adaptve decision
feedbaclequalizef’ IEEE Trans.CommunTechnol, vol. COM-19,pp.
281-293,Junel971.

J.G. Proakis,"Advancedn equalizatiorfor intersymbolinterference,”
in Advancesn Communicatior8ystemgA. J. Viterbi, Ed. New York:

Academic,1975,vol. 4.

S. Haykin, AdaptiveFilter Theory 4th ed. Upper SaddleRiver, NJ:

Prentice-Hall 2001.

E. Biglieri, A. GershoR. D. Gitlin, andT. L. Lim, “Adaptive cancella-
tion of nonlinearintersymbolinterferenceor voicebanddatatransmis-
sion,” IEEE J. SelectAreasCommun.vol. SAC-2, pp. 765-777 Sept.
1984.

S.ChenG.J.Gibson,C.F. N. Cowan,andP. M. Grant,“Adaptiveequal-
izationof finite nonlinearchannelaisingmultilayerperceptrons,Signal
Process.vol. 20, no. 2, pp. 107-119 Junel990.

S.ChenB. Mulgrew, andS.McLaughlin,“Adaptive Bayesiarequalizer
with decisionfeedback,”|EEE Trans. Signal Processingvol. 41, pp.

2918-2927Sept.1993.

[11] A. Uncini, L. Vecci, P. Campolucci,and F. Piazza,"Complex-valued
neuralnetworkswith adaptve splineactivationfunctionfor digital radio
links nonlinearequalization,”|EEE Trans. Signal Processingvol. 47,
pp.505-514 Fehb 1999.

[12] D. J. SebaldandJ. A. Bucklew, “Supportvector machinetechniques
for nonlinearequalization,"EEE Trans.SignalProcessingvol. 48, pp.
3217-3226Nov. 2000.

[13] D. D. Falconer “Adaptive equalizationof channelnonlinearitiesin
QAM datatransmissiorsystems,’Bell Syst.Tech. J., vol. 57,no. 7, pp.
2589-26115ept.1978.

[14] R. Bernardini,,“A fastalgorithmfor generalVolterrafiltering,” IEEE
Trans.Commun.vol. 48, pp. 1853-1864Nov. 2000.

[15] S.Marcos,'A network of adaptve Kalmanfiltersfor datachannekqual-
ization,” IEEE Trans.SignalProcessingvol. 48, pp. 2620-2627 Sept.
2000.

[16] V. N. Vapnik,StatisticalLearningTheory New York: Wiley, 1998.

[17] C.J.C.Burges,‘A tutorialonsupportvectormachinedor patterrrecog-
nition,” Data Mining Knowledg Discovery, vol. 2, no. 2, pp. 1-47,
1998.

[18] R. Haberand L. Keviczky, Nonlinear Systemldentification: Input—
OutputModelingApproad. Boston,MA: Kluwer, 1999,vol. 2.

[19] L. Devroye,L. Gyorfi, andG. Lugosi,A Probabilistic Theoryof Pattern
Recagnition. New York: Springer 1996.

[20] S.Chen,B. Mulgrew, E. S. Chng,and G. Gibson,“Spacetranslation
propertiesand the minimum-BER linear-combinerDFE,” Proc. Inst.
Elect.Eng, Commun,.vol. 145,n0.5, pp.316-322,1998.

[21] S. Chen,B. Mulgrew, andL. Hanzo,“Asymptotic Bayesiandecision
feedbaclequalizemusingasetof hyperplanes,IEEE Trans.SignalPro-
cessingvol. 48, pp. 3493-3500Dec. 2000.

[22] H. StarkandJ.W. Woods,Probability, RandonProcessesand Estima-
tion Theoryfor Enginees. EnglevoodCliffs, NJ: Prentice-Hall.1986.

Daniel J. Sebald (S'89-M'01) receved the B.S.
degreefrom the Mil waukee Schoolof Engineering,
Milwaukee, WI, in 1987, the M.S. degree from
MarquetteUniversity, Milwaukee,in 1992,andthe
Ph.D. deggree from the University of Wisconsin,
Madison,in 2000,all in electricalengineering.

He is a registeredPE. in the Stateof Wisconsin
and has worked for CamtronicsMedical Systems,
Hartland, WI; Nicolet Instrument Technologies,
Madison; Xyte, Madison; and OB Scientifc, Ger-
mantavn, WI. His researchinterestsinclude signal
processingjmage processingcommunicationsreal-time DSE and medical
technology

James A. Bucklew receved the Ph.D. degreein electricalengineeringfrom
PurdueUniversity WestLafayette,IN, in 1979.

He s currentlya Professomwith the Departmenbf Electricaland Computer
Engineeringand the Departmentof Mathematics,University of Wisconsin,
Madison.He is interestedin the generalareaof statisticalsignal processing
andappliedprobability andhaspublishedwell over 100 papersn theseareas.
He is the authorof Large Deviation Techniquesin Decision,Simulation,and
Estimation

Dr. Bucklewv has sened in the past as Associate Editor for the IEEE
TRANSACTIONS ON INFORMATION THEORY and for the IEEE TRANSACTIONS
ON SIGNAL PROCESSING



